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Gauge invariant cosmological perturbations for the nonminimally coupled infiaton field 
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We construct the gauge invariant free action for cosmological perturbations for the nonminimally 
coupled infiaton field in the Jordan frame. For this the phase space formalism is used, which keeps 
track of all the dynamical and constraint fields. We perform explicit conformal transformations 
to demonstrate the physical equivalence between the Jordan and Einstein frames at the level of 
quadratic perturbations. We show how to generalize the formalism to the case of a more complicated 
scalar sector with an internal symmetry, such as Higgs inflation. This work represents a first step 
in developing gauge invariant perturbation theory for nonminimally coupled inflationary models. 
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I. INTRODUCTION 

Models of inflation [1] considering a nonzero coupling ^ between the scalar inflaton field and the gravitational Ricci 
scalar have been studied for more than 20 years. Originally introduced to solve the graceful exit problem in the old 
inflationary scenario [2], it was soon realized that a nonminimal coupling could also improve the chaotic inflationary 
scenario [3-5] . We will motivate the use of a nonzero ^ later on. In the context of inflation a nonminimal coupling ^ 
can not only relax the initial conditions for chaotic inflation, but it can also weaken the constraints on the inflaton 
potential. For successful chaotic inflation the quartic self-coupling of a minimally coupled inflaton field should take 
the unnaturally small value A ~ 10"^"^, but a (large) nonminimal coupling ^ modifies this condition as A/|^p ~ 10~^^. 
Therefore A can increase by many orders of magnitude if |^| is sufficiently large. This allows the Higgs boson itself to 
be the inflaton field [3], an appealing idea that was revived recently by Bezrukov and Shaposhnikov [6]. 
The constraints on the infiaton potential arc obtained from observations of the temperature fluctuations in the CMB [7] . 
The temperature fluctuations are ultimately a consequence of quantum fluctuations of the inflaton fleld, which are in 
turn described by the theory of gauge invariant cosmological perturbations [8-13]. Scalar perturbations of the metric 
and inflaton field, coupled through the Einstein equations, beautifully combine into a single gauge invariant variable 
often referred to as the comoving curvature perturbation. 

At first the theory of cosmological perturbations was derived for a minimally coupled scalar field. However, Mukhanov 
et al. [14] correctly pointed out that a nonminimal coupling of the inflaton fleld to gravity can be removed by 
performing a conformal transformation of the metric g^v^E = w^g^i/. Therefore it is in principle sufficient to know the 
standard results {e.g. the primordial power spectrum) in the frame where the scalar-gravity coupling is minimal, the 
so-called Einstein frame. The Jordan frame (i.e. nonminimal coupling) results are then obtained by performing the 
conformal transformation. Although the Jordan and Einstein frame are physically equivalent at the classical level, 
it is not obvious that the frames are also equivalent at the level of (quantum) fluctuations. However, Makino and 
Sasaki [15] and Fakir et al. [16] proved that the comoving curvature perturbation is not only gauge invariant, but also 
invariant under a conformal transformation. This means that it is for example possible to calculate the action for the 
comoving curvature perturbation in the Einstein frame and then obtain the action in the Jordan frame by performing 
a conformal transformation of the metric, which was done by Hwang [17]. Before, Hwang and Noh[18] already found 
the field equation for the comoving curvature perturbation in the Jordan frame, by considering the linearized Einstein 
equations for a nonminimally coupled scalar field in the uniform field and curvature gauges. 

In this paper it is our goal to derive the gauge invariant free action for the nonminimally coupled infiaton field. To 
avoid any confusion regarding gauge freedom or conformal invariance between Jordan and Einstein frames, we do not 
fix a gauge or perform a conformal transformation in the derivation. Instead we will keep using all dynamical and 
constraint fields in the action and work exclusively in the Jordan frame. As we will see we obtain in a straightforward 
and unambiguous way the completely gauge invariant action for the nonminimally coupled scalar field, where as 
expected the only dynamical degrees of freedom are the (scalar) comoving curvature perturbation and the (tensor) 
graviton. We will use the canonical approach put forward recently in Ref. [19]. This new approach is fundamental 
and very general since it keeps all the constraint fields and can in principle be generalized to arbitrary order in field 
perturbations. Moreover we will perform our calculations in D dimensions, anticipating dimensional regularization in 
future loop calculations. 

Our work is motivated by a number of points. First of all the gauge invariant action for cosmological perturbations is 
crucial in order to calculate quantum corrections to the infiaton potential. The quantum corrected infiaton potential 
determines whether or not the conditions for slow-roll infiation are met. In this paper we consider a nonminimally 
coupled inflaton field and we show that we can consistently calculate the free action. The next step is to derive the 
higher order gauge invariant action, which is outlined in [19]. A second motivation for our work is to establish the 
physical equivalence of the Jordan and Einstein frames at the level of the free action. The main complication in this 
respect is the fact that the Einstein and Jordan frames are related by nonlinear field transformations. In fact we will 
show that the two frames are also physically equivalent when considering field fluctuations up to quadratic order. 
Chisholm [20] and Kamefuchi et al. [21] already proved almost 50 years ago that, although the field equations may 
differ in detail under point-transformations of the fields (i.e. transformations without time derivatives of fields), the 
(Euler-Lagrange) form of these equations and of the stress-energy tensor remains identical. Thereby the (quantum) 
equivalence of two frames related by nonlinear field transformations is established. In this paper we would like to 
understand how this equivalence works in detail for the case of the conformal transformation when applied to Einstein's 
gravity coupled nonminimally to a scalar matter. 

As for the motivation of the use of a nonzero nonminimal coupling ^: if ^ does not have the conformal coupling g 
(which is the case), then ^ will run with the energy scale, see Ref. [22]. In other words, if we pick ^ to be zero 
at some scale, it will not be zero at another energy scale. Moreover, if we pick ^ to be large at some scale, then ^ 
will remain large since the running is gcnerically logarithmic. In the end of course it is Nature who decides which 
value ^ takes at some energy scale. Fortunately, if ^ would be nonzero then we should in principle be able to observe 



this. Minimal and nonminimal inflationary models arc physically different since the matter and gravitational fields 
propagate difl:erently if ^ is nonzero. This is true in both the Einstein and Jordan frame. 

The outline of the paper is the following: in section II we formulate the action for the nonminimally coupled inflaton 
field in canonical form. We derive the background Friedmann and field equations and show the relation to the 
background fields in the Einstein frame. In section III we perturb the action up to quadratic order in field fluctuations 
and perform a diagonalization procedure of this action. Our final and most important result is the completely gauge 
invariant free action for the nonminimally coupled infiaton field. By performing the conformal transformation we 
show that this action, including both dynamical and constraint fields, is physically equivalent to the quadratic action 
in the Einstein frame. Finally in section IV we generalize our result to the case of Higgs inflation, where the Higgs 
boson itself is the inflaton field. We briefly discuss the idea and the current status of Higgs inflation and show that a 
scalar field theory with a local SU{N) or 0{N) symmetry contains one dynamical infiaton field. 

II. CANONICAL ACTION FOR THE NONMINIMALLY COUPLED INFLATON FIELD 

We start with the I?-dimensional action for a scalar field $ that is coupled to the Ricci scalar R through some 
function F(<I>), 

S= f rf^:rV^ |-i?(^)F($) - ig'^''a^$a,$ - y($)| . (1) 

The metric convention is (— , +, +, +) and we will work in units where h ^ c = 1. For a nonminimally coupled infiaton 
field F{^) = iAfp - i^$2 (where Mp = (SttGat)"^), where ^ = +jr^^ is the conformal coupling value and C = 
corresponds to minimal coupling. In the following we will keep -F($) completely general. To avoid any confusion for 
the rest of this paper we label the D-dimensional Ricci scalar with an index D. 

In the Lagrange formulation the action (1) is invariant under coordinate transformations of the metric field g^j/. It is 
precisely this coordinate invariance however which makes the extraction of true dynamical fields problematic. Because 
we are interested in the dynamical fields in the context of cosmological perturbations, we therefore want to break the 
general covariance of the metric by separating spacetime into spatial surfaces of constant time. To this end we use 
the ADM [23] decomposition of the metric with the line element 

ds^ = -N^df + g^jidx' + N'dt){dx' + N^dt), (2) 

where N and iV' are called the lapse and shift functions respectively. Under a time change dt the corresponding change 
in a coordinate x* is Ndt in the direction perpendicular to the spatial surface, and N'^dt in the direction parallel to the 
surface. This geometrical interpretation shows that the lapse and shift functions correspond to coordinate changes, 
which seems to leave the spatial metric gij as the true dynamical field. In fact we can determine this precisely in 
the Hamiltonian formulation of gravity, which is obtained using the ADM metric. The ADM formalism is therefore 
necessary for a first principle quantization and can be used to check the correctness of any other quantization procedure. 
After a series of steps (presented in Appendix A) where we derive the canonical momenta and substitute these back 
into the action, we obtain the action for a nonminimally coupled scalar field in canonical form. 



where 



% = - ^RF 
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J rf^x [p'^dog^j + p$9o$ -Nn- N,W] , (3) 






+ ;^i^* + V^i..-a.<I>5,<I> + ^gVi^) - ^^^^>* + 2V^,-V.V,F (4) 

n'^d'^p^-2\/jf^. (5) 

p*-' and p$ are the canonical momenta conjugate to gij and $ respectively and p = gijP^-' ■ The action (3) is a new result 
and indeed reduces to the well known canonical action for a minimally coupled scalar field if we set F = ^M^ = 1. The 
canonical action indeed shows that the only dynamical field is gtj , whereas the lapse TV and shift N^ functions appear 
as Lagrange multipliers to the constraints. Since p^^ is a dcnsitized tensor the covariant derivative is understood as 



VjP*-' = djp^^ +T'--ip''- , where F'j only depends on spatial derivatives of the spatial metric gij. The Ricci scalar R in (4) 
is the 'spatial' Ricci scalar and only depends on (spatial derivatives of) F*;. In the canonical action indices are raised 
and lowered by the spatial metric gij. Furthermore we use shorthand notation where F — F($) and F' = dF/d^, 
and we define the convenient variable 



= 1 



D-I F'^ 
'd-2 F 



(6) 



As a consequence of the nonminimal coupling between $ and R, the latter containing double derivatives, the momenta 
p and p$ are coupled in the Hamiltonian H in Eq. (4). Since this leads to coupled equations when we derive the 
Hamilton equations for p*-' and p$ we would like to decouple the momenta. We do this by introducing a shifted 
momentum 



F' 



P* =p$ 



D-2 F 



■P- 



(7) 



Since the shift in the momentum only depends on F{^) and p, the transformation is canonical, thus the resulting 
Hamilton equations of motion will be equivalent for either p* and p$ . In terms of the shifted momentum p$ we find 
that we can write the action (1) as 
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D-2 F 



pdo^ -Nn- N,W 
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where 



H = - y/^RF 

1 1 1 
+ 7^02 



^/gF 
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pI + V97;9''d,^d,^ + ^V{^) + 2^g'^V,V,F 



F' 



D-2 F 



■P) - 2V,p'^ 



(9) 



(10) 



The Hamiltonian % has dramatically simplified because of the shifted momentum. On the other hand, there are 
additional terms in the kinetic part of the action (8) and the momentum density H'. Our goal is to perturb the 
action up to second order in fluctuations around a FLRW background. Therefore we separate all fields in a classical 
background plus a small perturbation as 

(11) 

(12) 
(13) 
(14) 
(15) 

The shift iV* is a pure fluctuation, i.e. its background value is zero. Note that we keep working with hatted quantities 
V^, and TTip to clarify that these are not the canonical momenta conjugate to and Lp. 



p'^ = 


-2iD-i)ait)^'''^-''^'^- 


p* = 


^V4t){l + 7r^{t,x)) 


9^3'- 


^ a[tf {5,, + h,,{t,^)) 


$ = 


= <Pit) + ipit,^) 


N -^ 


^ N{t)+n{t,x). 



A. Background equations 



To recover the background equations we can perturb the action (8) up to linear order in perturbations (11)-(15) 
and set the resulting expressions to vanish. In general this gives the Hamilton equations of motion, which are derived 
from the background action 
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(16) 



(17) 



where F((j)) and fi{(j)) are functions of the background fields only. Varying this action with respect to P and P^ gives 

1 F' ■] 



-2{D~ l){D~2)Fa 



D-2 



H 



D-2 F 



^a 



D-l, 



(18) 
(19) 



where a dotted derivative corresponds to a = N ^da/dt and we have identified the Hubble parameter a.s H = d/a. 
Since N can be picked arbitrary, the action (16) is time reparametrization invariant, a remnant of the diffeomorphism 
invariance of the original action (1). Equations (18) and (19) are the on-shell expressions for P and P^. A variation 
of the background action (16) with respect to a and gives 
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(20) 
(21) 



where y^ = dV/d4>. Finally we can vary the background action with respect to A^ to find the constraint equation 

P^ Pi 



1 1 



F aD-^ A{D - 1){D - 2) 2f7a 



D-l 



a^-V. 



(22) 



If we insert the canonical momenta (18) and (19) in Eqs. (20)-(22) we obtain the background Friedmann and field 
equations 



H^ = 



H 



1 



{D- 1){D -2)F 



1 -.' 



V -2{D- l)HF 



1 



HF -F 



{D-2)F\ 2' 
{D - 1)H4> -{D-l) (dH^ + 2h) F' + V^^ 0, 



where we recognize the background Ricci scalar 



R={D-l) (dH^ 



2H 



(23) 

(24) 
(25) 

(26) 



Eqs. (23)-(25) agree with the Friedmann and field equations obtained from a variation of the action (1) with respect 
to g^^'^ and 0, see for example Ref. [18]. Note that in all the above equations the minimal result is recovered by setting 
F — ^Mp = 1. Furthermore, only two out of the three equations (23)-(25) are independent. 

B. Classical equivalence of Jordan and Einstein frames 

The Einstein frame is the frame in which the inflaton field is minimally coupled to gravity. In the Einstein frame 
the action in canonical form is [19] 



^(0) = f d^'x [PsdoaE + P4.,Edocf>E - NeH^e^ } 



where 



n 



(0) 



n 



pi 



E , D-U 



,^-^ AiD - 1}(D - 2) ' 2af-^+"^"^^- 



(27) 



(28) 



The subscript E denotes the quantities in the Einstein frame. This action can be obtained from Eq. (16) by setting 
F = \Mp = 1. We can always make a transformation from the Einstein frame to the Jordan frame (with nonminimal 
coupling) by performing a conformal transformation of the metric. 



gtJi.v,E — w g^v, 



(29) 



where UJ = Lo ($(a;)). It is a well known fact that the Einstein and Jordan frames are physically equivalent at the level 
of the background equations of motion. Let us now establish this physical equivalence for the background Einstein 
and Jordan frame actions. Thus, we want to find out how the background fields in the Einstein frame action (27) 
should be rescaled in order to arrive at the Jordan frame action (16). Considering the ADM metric (2) the background 
lapse Ne and scale factor ue transform under the conformal transformation (29) as 

Ne = CjN (30) 

aE = oja, (31) 

where we have decomposed the conformal factor a; in a background part plus a small (quantum) fluctuation 

w($(x)) =w(i) + (5a;(i,x). (32) 

Now, in order to arrive at the Jordan frame Hamiltonian (17) from Eq. (28) we see that the momenta, field derivative 
and the potential in the Einstein and Jordan frames are related as 

(33) 

(34) 

(35) 



if we make the identification 



Ve^ 


Ip 




UJ 


'P-P.E^ 
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-^viM^)) 

UJ 


F(6) 


— id 



(36) 



With these field redefinitions the Hamiltonian in the Jordan frame (17) can be derived from the Einstein frame 
Hamiltonian (28). Furthermore we can verify that VEdoCLE — > Vd^a + ■o32-|ra'P9o0 under the field redefinition of 
Ve- What remains to be checked is the relation between 9o0b and do4). Since the canonical momentum V^ depends 
on dQ4) in a specific way, we should find the expression for the canonical momentum P,f,^E in terms of do4>E- By varying 
the action (27) with respect to Ve and V(j,^e we can find the definition of the canonical momenta in the Einstein 
frame, 

Ve = -^iD - l)iD - 2)a^-^HE (37) 

Vc/i^E ~ a^^ 4>E, (38) 

where He = cle/ cle and (f)E — Nj^, dQ(t)E is the dotted derivative in the Einstein frame. We now compare Eqs. (37) 
and (38) to the momenta in the Jordan frame (18) and (19) and use the relations between Jordan and Einstein frame 
momenta in Eqs. (33) and (34). This will give us the relation between the Hubble parameter and the background 
field in the Jordan and Einstein frames. 
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p-iT^ V F 



(40) 



where the dotted derivatives on the left- and right-hand sides are the reparametrization invariant dotted derivatives 
in the Einstein and Jordan frames, respectively^. Using the relation for 4>e in Eq. (40), and the field redefinitions in 
Eqs. (30)-(35), we finally find that we can derive the Jordan frame action (16) from the Einstein frame action (27). 
Since the background fields in the Jordan and Einstein frames are related by time-dependent rescalings, we thereby 
establish the physical equivalence between the two frames at the classical level both on- and off-shell. In the next 
section we will establish the equivalence of the Jordan and Einstein frame actions up to second order in (quantum) 
fluctuations. 



^ Note that Eq. (40) corresponds to the nonUnear field redefinition which is commonly used in the Lagrange formulation to bring the 
kinetic terms in the Einstein frame into canonical form. See for example Rof. [17], or Ref. [6] for the specific nonminimal coupling term 



III. FREE ACTION FOR COSMOLOGICAL PERTURBATIONS 



111 this section we will derive the free action for gauge invariant cosmological perturbations for all dynamical and 
constraint fields. A common approach is to fix a gauge by setting either scalar field or metric perturbations to zero, 
and then to solve for the lapse and shift perturbations from the linearized constraint equations, see for example Ref. 
[24] and Ref. [25] for minimal and nonminimal coupling, respectively. In this paper we do not solve any linearized 
constraint equations, nor do we use gauge freedom to set some fields to zero. Instead we keep all the fields up to 
second order in fluctuations (11)-(15). We find for the action (8) up to second order in perturbations 
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(41) 



where h = K^Hij. We refer the reader to Appendix A of Ref. [19] for some intermediate steps in the derivation. In 
this quadratic action indices are raised and lowered by the Kronccker delta 5ij . The Hamiltonian up to first order in 
perturbations is 
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(42) 



where V^ = did^ = S^^didj. The Hamiltonian up to second order in perturbations is 
7{(2) = _ FaD-3 



^hijd'd^hji + -h'^\/^hij + —ip{d'd^h,j - V^/i) 
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where Aij^i = 6ik5ji + SuSjk — j^S.^jSki- Note that the final term in Eq. (43) is a total derivative term and vanishes, 
but we give this term explicitly for future purpose. Finally the momentum density up to first order in perturbations 

is 
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D~2 F 
Now that we have found the free action (41) we want to make a few remarks 

• The action (41) is quite complicated due to many coupled fields; 

• It is unclear what are the dynamical degrees of freedom in Eq. (41); 

• The action (41) is not explicitly gauge invariant. 



(44) 



Some clarification is in order. The action (41) contains many different fields (e.g. tt'-', h^^ , tt^, (p, n and Ni) coupled 
in a nontrivial way. Wc know however that the n and Ni are non-dynamical and impose constraints on h^^ and 
if. Furthermore n and Ni arc completely arbitrary and need to be fixed by imposing gauge conditions[19]. The 
14-dimensional phase space of /i*^ and (p is therefore reduced to a 14 — 4 — 4 = 6-dimensional physical phase space. 
Indeed, a well known result from cosmological perturbation theory is that there is only one dynamical scalar degree 
of freedom and two dynamical tensor degrees of freedom, corresponding to a 6-dimensional phase space. This is not 
at all obvious from the action (41). Finally we remark that, being derived from a diffeomorphism invariant action (1), 
the action (41) should be gauge invariant {i.e. invariant under infinitesimal coordinate transformations). However it 
is difficult to see this from Eq. (41). All fields transform in a specific way under a coordinate transformation, and it 
is only a special combination of the fields that will be gauge invariant. 

In order to extract the three dynamical degrees of freedom and show the explicit gauge invariance of the action, we 
will only have to do one thing: decouple all fields by defining shifted fields that diagonalize the action. As it turns out, 
the shifted fields will all be gauge invariant and there will only be three dynamical degrees of freedom. As a bonus, 
the action acquires a nice and simple form. As a start it is convenient to use the scalar-vector-tensor decomposition 
of the spatial metric '^, see Ref. [19], 
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with 



d'hT ^ 0, 



d'hl^ = = &hTF. 



(46) 



Furthermore we decompose the shift vector iV' in its longitudinal and transverse components, 

N, = d,S + Nf, with d'Nf = 0. 



(47) 



The action can now be diagonalized by defining shifted fields (see Appendix B for a derivation and definitions of 
introduced variables) 
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and the Sasaki-Mukhanov variable 



(p = if — ZQ{h — V^/i), 
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where 
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After tedious calculations, of which we present some intermediate results in Appendix B, we obtain the free action 
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^ Our notation differs from tfie one used in most literature where h = Tr(/iij) = 2(D — 
^ From Footnote 2 it follows that Eq. (53) yields the better known form if = ip — -wV'- 



l)!/" -I- 2\7'^E,h- V^h = 2{D - 1)^, see [14]. 
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Note that by setting F = \M'^ = 1 that z^ — > Zq and we obtain the well known result from gauge invariant cosniological 
perturbation theory for a minimally coupled scalar field (see also Ref. [19]). 

The action (55) is our most important result. When we compare this new free action to the original free action from 
Eq. (41) we can make the following remarks: 

• All shifted fields are decoupled in the action (55); 

• The only dynamical degrees of freedom in (55) are 1 scalar and 2 tensor degrees of freedom; 

• All shifted fields in Eq. (55) are gauge-invariant up to linear order in coordinate transformations. 

For a proof of the third point we refer the reader to Appendix C. Thus our tedious diagonalization procedure has paid 
off: we have obtained a simple, explicitly gauge invariant action with one propagating scalar field ip and a propagating 
graviton hj^ . A variation of the action with respect to the non-dynamical tt*^ and tt^ gives the linearized Hamilton 

equations of motion. On the other hand the variation with respect to fi, S and N'^ gives the solutions of the linearized 
constraint equations. Therefore the free action (55) contains all the properties of linearized infiationary perturbations, 
as well as the transition between the Hamilton and Lagrange formalism. 

In the gauge invariant form (55) the scalar field (p can be quantized and the true scalar propagator can be extracted 
from the action. If we would also know the gauge invariant cubic and quartic vertices (meaning we have to calculate 
the action up to fourth order in perturbations), we would be able to calculate quantum corrections to the infiaton 
potential. We would have to work much harder to make the action gauge invariant when we also include these higher 
order interaction terms. We leave this for future work. We emphasize that the action (55) is gauge invariant up 
to linear order in coordinate transformations. If we include higher order terms the free action would still have the 
same form as Eq. (55), but the gauge invariant fields will now also consist of combinations of higher order field 
perturbations. This will affect, for example, canonical quantization. This fact makes the construction of a fully gauge 
invariant formalism a worthy effort. As a final comment we note that one can extend our treatment for models which 
contain non-canonical kinetic terms such as the DBI inodcl [26]. 

A. Quantum equivalence of Jordan and Einstein frames 

In section II B wc showed the classical equivalence of the Jordan and Einstein frame actions in Hamiltonian form. 
Now we want to demonstrate the quantum equivalence of the Jordan and Einstein frames at the level of the free 
action. Let us first consider the dynamical scalar if) in the Jordan frame free action Eq. (55). If we redefine the field 
(p in terms of the comoving curvature perturbation in the Jordan frame TZ 



n^~^ 






(57) 



the scalar action becomes 



S. 



(2) 



,D-l 



xNdta^-^z^ 



1 -9 
2^ 



dJZ 
a 



(58) 



On the other hand the form of the action for a minimally coupled scalar field (see Ref. [19]) is 



c(2) _ 
'^■Re - 



jD-1 



xNpdta 



bl 



D-l 2 



-A{D-IYH% 



Tf>2 



-7^i - - 



1 fd,nf 



as 



(59) 



where the dotted derivative here means TZe ~ Nj^ doTZs and T?.^; is the comoving curvature perturbation in the Ein- 
stein frame. The prefactor in the action (59) only depends on the background fields and can therefore be transformed 
to a physically equivalent prefactor by performing a conformal transformation. Indeed, we can derive the action in 
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the Jordan frame (58) from the action in the Einstein frame (59) by a redefinition of the background fields as in Eqs. 
(30), (31), (39) and (40). The free actions (58) and (59) are however only truly physically equivalent if the comoving 
curvature perturbation does not change under a conformal transformation, i.e. TZ = TZe- This can be proved in the 
following way. If we decompose the conformal factor and the metric in a background plus a perturbed part as in Eqs. 
(32) and (13) we can show that (see also Appendix D) 



{He - V^He) = {h- V^h) + 2{D - 1) 



5ui 



(60) 



Now we want to know how the scalar inflaton fluctuation in the Einstein frame (fE is related to (p in the Jordan 
frame. Suppose now we have a scalar field $£ in the Einstein frame action which is a function of the scalar field $ in 
the Jordan frame. We also wish to decompose this $£ into a background part plus a small quantum fluctuation by 
substituting $ = + <^. This gives 



9$F 

$b(0 + (/?) = $b(0) + ^—^ - $b(0) + 



9o0 



</? = 0B + 'fE- 



(61) 



This leads to the convenient relation at the level of linearized perturbations 



fE_ 
4>E 



CJ — 



5uj 



UJ 



(62) 



where the extra factor of u appears because of the difference between the dotted derivatives in the Einstein and the 
Jordan frame. The last relation is true since the conformal transformation is a function of $, i.e. u = w($). With 
this relation and the Hubble parameter in the Einstein frame from Eq. (39), we find 



He 



H 



-fE 



-ip^ 



UJ 



(63) 



such that 



He 



H 



TIe = {hE - y'hE) - 2{D - l)^^ipE = {h- V^/i) - 2{D - l)^ip ^ U 



(64) 



Thus the comoving curvature perturbation is invariant under a conformal transformation up to linear order in per- 
turbations. This was first proved by Makino and Sasaki[15] and Fakir et al. [16]. In fact one can show that the 
comoving curvature perturbation is conformally invariant in the fully nonlinear approach, see Ref . [27] . Therefore we 
have established the equivalence of the Jordan and Einstein frame scalar actions at the classical level as well as at the 
level of quadratic (quantum) fluctuations. 

Now that we have checked the physical equivalence for the scalar sector, let us see how the rest of the action (55) 
transforms under the conformal transformation. First of all, let us give the Einstein frame action for the graviton and 
constraint flelds. 



5(2) = 



d^-^xNEdta^' 



(!TT 



f- 



ttE 



We 



D-1 



Nl 



-ni. 



4A^i 



i>,E 



n^. 



2(_D-1) V.E 



2a 



:i-aE)[V^SE] 



4(D 



' E 



\fal°-^'^ 



^ijkl ~kl 
—z — TTe 



[%iV^ '' 




(65) 



where We and aE are deflned in Eqs. (B8) and (B15) of Appendix B, where the subscript E denotes that these 
quantities depend on the Einstein frame background fields. Now we perform the conformal transformation of the 
action (65) using Eqs. (30), (31) and (33) - (35). We find that the Einstein frame action transforms to the Jordan 
frame action (55) if the graviton and constraint fields transform as 



riE 
Se 



: wn 



nIe = oo^Nj 



"■ij,E 
^V-E 



■TT 



~V 



(66) 

(67) 
(68) 
(69) 
(70) 
(71) 
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In Appendix D we show that the graviton and constraint fields transform in precisely this way under a conformal 
transformation**. Therefore the complete free Jordan frame (55) and Einstein frame (59)+(65) actions are physically 
equivalent. 

IV. HIGGS INFLATION 

Recently Bezrukov and Shaposhnikov[6] revived the old idea by Salopek, Bond and Bardeen [3] that the Higgs 
boson can be the inflaton field if it is nonminimally coupled to gravity. The requirement for Higgs inflation is a large 
nonminimal coupling |^| ^ 1, ensuring the flatness of the Higgs potential for large field values. Since then there has 
been much debate whether or not quantum corrections destroy the flatness of the Higgs potential, thereby spoiling 
Higgs inflation. One and two loop corrections have been calculated in both the Einstein[28-30] and Jordan[31~33] 
frames. Although there is some debate about the calculational methods, all loop calculations predict that Higgs 
inflation is valid if the Higgs mass lies in a specific range, testable by the LHC. 

In Refs. [28-33] the validity of Higgs infiation was tested in the inflationary regime. Here the Higgs boson has a large 
expectation value {H) > Alp/ ^/J^ and slowly rolls down the inflaton potential. Recently [34-37] however, the validity 
of Higgs inflation was questioned in the small-field limit where the Higgs expectation value is (H) ~ v — 246GcV. 
Hertzberg[36] considered the general case of a theory with multiple scalar fields. It was found that, for the pure gravity 
and kinetic sectors, the small field effective theory has a cut-off at an energy scale of Mp if there is only one scalar 
field, but when more than one scalar field is involved the cut-off is A/p/|^|. In the Jordan frame the cut-off A/p/|^| 
can be almost directly read off from the scalar-graviton interaction term. However, when considering scalar-scalar 
scattering via graviton exchange, the lowest order diagrams add up to zero for a single scalar field. Therefore the 
actual cut-off scale is Mp. In the Einstein frame this is even more clear. After the conformal transformation the 
cut-off appears in a dimension 6 scalar kinetic term, but this term can be removed via a nonlinear field redefinition. 
In the case of multiple scalar fields the above reasoning no longer applies. In the Jordan frame the lowest order 
diagrams do not vanish because the scalar fields are not identical, giving the cut-off Mp/|^|. In the Einstein frame the 
unitarity violating kinetic term cannot be removed by a field redefinition, because it is in general not possible to bring 
the kinetic term into canonical form for multiple scalar fields (see Ref. [38] for more details). The arguments above 
apply to the pure gravity and kinetic sectors of the theory, but even for the single field case Hertzberg [36] finds that 
scalar self-interactions due to the non-polynomial potential in the Einstein frame most likely cause unitarity problems 
at the scale Mp/\£^\. 

Now we switch to the Standard Model. In this case the Higgs doublet contains in principle 4 scalar fields, but the 3 
Goldstone bosons are eaten up by the W^ and Z bosons. Therefore one might wonder if the cut-off shows up in the 
terms containing these gauge bosons. Indeed, Burgess, Lee and Trott [37] showed that in the Standard Model the 
cut-off scale Mp/|^| appears in the Higgs-gauge interactions. 

Now the crucial point is that the cut-off A/p/|^| of the small-field effective theory is very close to the energy scale 
at the end of inflation iJend — a/A/12Mp/|^| (where 0.11 < A < 0.27 at the electroweak scale), which is also the 
point where the small-field limit becomes valid. This means that higher order operators, needed to solve the unitarity 
problems at the cut-off scale Afp/|^| in the small-field effective theory, will affect the inflationary theory and thereby 
destroy Higgs inflation. Therefore it seems that Higgs inflation is ruled out as a valid theory. 

In contrast to the previous arguments, Bezrukov et al. [39] very recently showed that the effective cut-off actually 
depends on the expectation value of the Higgs inflaton field. An intermediate region was identified for field values 
Afp/I^l < {(/)) < Mp/^/\^ where the cut-off scale scales as A = |^|((/))^/Afp. The authors showed that all relevant 
energy scales throughout the evolution of the universe are below the corresponding cut-off scale. Still quantum 
corrections could spoil the unitarity of Higgs inflation, and a systematic way of obtaining quantum loop corrections 
has been proposed. 

Considering the ongoing discussion about the unitarity of Higgs inflation, we would like to make a few remarks. First 
of all there are so far no rigorous calculations of quantum corrections to the Higgs potential or Higgs-gauge interactions 
in the small field limit ((^) < Mp/\^\) or the intermediate region (Afj,/|^| < {(/)) < Mp/y^). Secondly, the cut-off 
scale is found in the Jordan frame by considering Higgs-graviton interactions. As we have shown before, the inflaton 
perturbation actually combines with the scalar part of the metric to form one 'gauge' invariant variable. Therefore, 
in order to consistently calculate quantum corrections to either the Higgs potential or Higgs-gauge interactions, we 



* The gauge invariant lapse perturbation h can be made invariant under a conformal transformation if we define the lapse perturbation as 
N = N{t){l + n{t, x)) as compared to Eq. (f 5). Moreover, the lapse part of the free action would be time reparametrization invariant. 
Furthermore we could have defined the shift perturbations as A^^ = aNui, where the diagonalizcd shift perturbation hi would also be 
invariant under a conformal transformation and the action as a whole would be time reparametrization invariant. Note also that, with 
these definitions of the perturbed fields, every spatial derivative in the action (55) as well as (41) contains a factor a^^ . 
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need to construct the completely diffeomorphism''^ invariant Higgs action. In the previous section we derived the free 
action for a single inflaton field. In this section we apply this to the Standard Model Higgs action with a nonminimal 
coupling to gravity. The action reads 

S^ J d"xV~g I - (^ - ^H^h\ R - g^^''{D^H)^D,H - X (h^H - y ) | , (72) 

where H is the complex Higgs doublet with vev {H)q = v/\/2 and 



is the covariant derivative with A"^ and B^ the SU{2) and U{1) gauge bosons with coupling constants g and g' , and 

t"" = cr'^/2. 

Now, in conventional chaotic inflationary scenarios the inflaton field is a real scalar field with a large classical expec- 
tation value. The Higgs doublet in Eq. (72) contains two complex scalar fields, thus it is not clear what the infiaton 
field is. This becomes more obvious when we choose the following decomposition of the Higgs doublet 

if = -^exp(zrV).(^5), (74) 

where $ and the a"" are now four real scalar fields and the projection vector (1, 0)^ ensures that iJ is a doublet. In this 
decomposition it is easy to see that H^'H — ^$^. Furthermore, by a redefinition A°^ = A° — i^^a" — ia" A''[t'^ , t^] 
we can absorb the three would-be Goldstone bosons a" into the gauge bosons A" In fact, we can always perform 
an SU{2) rotation on the Higgs doublet in Eq. (74) such that the three would-be Goldstone bosons disappear, which 
corresponds to fixing the unitary gauge. If we now define 

K= /,\ ,, {9Al-g'B,), (76) 

V9 + 9 

the action (72) becomes 

S = J d^'x^l - i(A/2 - e*')i? - Ig^-'d^'S^d,'^ - iA(<i>2 - v^ (77) 

- '^9'''W+W-<S>^ + ^-^^g^'^Z'^Z'A, (78) 

with TO^ = \g^v^ and m^ = \{g^ + g'^)v^- We see that the first part of the action (78) is equal to the action (1) 
with the identification F{^) = ^{Mp — ^$^) and V{^) = jX{^^ — v^)^ . The second part contains the Higgs-gauge 
interaction terms. If we now want to calculate the free gauge invariant action for the Higgs sector of the SM we 
can simply do the expansions (11)-(15) with $ = 0(i) 4- (y9(t,x), which will result in (55). The field Lp is in this case 
identified with the Higgs boson and is the classical background field with vev v. Since the gauge bosons Wt; and 
Z^ are pure fluctuations, the free action (55) will have additional terms 



2 



s'-^L ^ J d^-'xdta^-U-^r''w;tw^^c^' + \^r''zizi<i?y (79) 

where g^^ — diag(— iV~^, a~^J'-') is the background ADM metric. So in the end we have shown that the free Standard 
Model with a nonminimally coupled Higgs boson, which has a local 5*1/(2) symmetry, can be written in terms of one 
diffeomorphism invariant scalar (p (53) and three mass terms for the gauge bosons. The free action can be used to 



^ We use the terminology " diffeomorphism invariance" here instead of the previously used " gauge invariancc" in order to avoid confusion 
with the well known concept of gauge freedom in the Standard Model 
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extract the diffeomorphism invariant propagators for the Higgs infiaton field and gauge bosons. If we want to calculate 
quantum corrections to the free propagators and the Higgs potential in an invariant manner, we need to find the gauge 
invariant action up to third and fourth order in perturbations. We will leave this for future work. The analysis in this 
section shows that, when the backreaction from the W^ and Z bosons is neglected, the single scalar field and SU{2) 
Higgs doublet lead to identical quadratic actions for cosmological perturbations in nonminimally coupled models. 
The approach that we used in this section can be applied in a much more general setting than the Standard Model. 
In fact, any theory with a local SU{N) or SO{N) symmetry (for example GUT theories) can be written in terms of 
one dynamical scalar and a number of massive gauge bosons if we use the suitable generalization of (74). Therefore it 
is always possible in these theories to have a single light infiaton field, thus opening the way for an inflationary era. 



V. DISCUSSION 

In this paper we derived the free perturbation action for the nonminimally coupled infiaton field in the Jordan frame. 
By working in the ADM formalism we could split the metric tensor into scalar, vector, tensor and constraint fields. 
By performing a diagonalization procedure we obtained the main result (55). In this form the action is explicitly 
gauge invariant up to linear order in coordinate transformations and the only propagating degrees of freedom are 
the scalar infiaton field and the graviton. We showed that the Jordan frame action can be derived from the Einstein 
frame action by performing a conformal transformation of the metric, thereby establishing the physical equivalence 
of the two frames at the level of quadratic fluctuations. 

In order to calculate quantum corrections to the infiaton potential we need an unambiguous, gauge invariant action. 
So far we have obtained the free gauge invariant action, what remains is the higher order gauge invariant action, 
with which one can perform definite calculations that will tell us whether or not nonminimal inflation is spoiled by 
quantum corrections. The one loop effective infiaton potential was already found in de Sitter space in the limit where 
1^1 ^ 1, see Ref. [22]; what remains to be done is to calculate T4// in the limit |^| 3> 1 for more general cosmological 
backgrounds [40-43] . These thorough calculations are especially needed in the context of the Higgs inflation model, 
which at the moment seems to possess troublesome large quantum corrections to the small field effective theory. We 
hope to give a definite conclusion concerning this question in future work. 
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Appendix A: Canonical form of the action for a nonminimally coupled scalar field 

In this section we will show how to obtain Eq. (3) from Eq. (1). We start by substituting the ADM metric (2) into 
Eq. (1) and we find the standard ADM action (see Ref. [23]) 



S=Jd''x^l 



g'^doK.j - doK + N{R + K' - K,,K'') - 2N,V.j{K'' - g'^ K) 



"-■ — ■■''— A. 



^($) + --(ao$-7V'a,$) -N-g'^d,<^dj<^-NV{<i)y (Al) 

where Kij — —N^T^^ = ^27v (^o5ij ~ ^i.Nj — ^jNi) and K = g^^Kij. It is understood that the only dynamical 
metric field present in the action is the spatial metric gij , such that the covariant derivatives as well as R only depend 
on this metric. Now we want to find the canonical momentum p*^ and p$ conjugate to gij and $ respectively. In 
order to find p^^ we have to vary the action with respect to dogij, which is up to a factor 2A'^ equal to varying the 
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action with respect to Kij. Since the action (Al) contains derivatives of Kij we remove these by performing partial 
integrations. The action then takes the simpler form 

S = f d°xy/gl N{R + K'^K.j - K^) F + 2KF' ((9o0 - N^d^cp) - 2Ng'^\/,\/jF{(j)) 



11 (a„$ _ N'd,<^f - Arig*Ja,$a,<J> - iVF(<J>) i. 



The canonical momenta can now easily be extracted and are 
P 






Sdn<^ 



N 



(A2) 

(A3) 
(A4) 



We now want to write our action in the form of Eq. (3) by substituting the momenta into Eq. (A2). First we have 
to express K and Kij in terms of the momenta, which gives 



K 



1 1 p+iD- l)F'p^ 



V9FD-2 



K'' = 



V9F 



1 + 2-£— 



p - p'^ + 



--F' 



0-2" VL ' '^ 0-2" Q. 

where p = p^-' gij and f2 is given in Eq. (6). The canonical form of the action (Al) is 

S^ Jd^'x [p'^d^g,, +p^d„<l> - H{p'^,g'\p^, $)] , 



where the Hamiltonian is 



H = p'^dngtj + P4,do(j) - ^/gC, 



(A5) 
(A6) 

(A7) 
(A8) 



with C the Lagrangian density from the action (Al) (or the action (A2) after partial integrations). The final canonical 
form of the action in Eq. (3) is obtained by substituting Eqs. (A5) and (A6) into this Lagrangian density, thereby 
expressing the Hamiltonian in terms of the canonical momenta. 

Appendix B: Diagonalizing the quadratic action 

Momenta sector 
We first consider the sector of the action (41) containing only the momenta tt'-' and •S'^. We can write this as 



5?) 



d^xN 



2a^~^n 



^l + I-^T^V 



4(1) - l)2a^-3F [2 



rir'' A^.uiT^'^ + h,^^ 



where A,.jki = 5ik5ji + 5.a5ju - -^SijSki and 

2a^-^n 2 - /I , 



V ^ D-2 



(^_3)_2p-2)(£^2)^^-^,^_ 



1 F' 
D-2Y' 



h , 5^J'^ ^4GD-1) ^_4 

-h :d- 71 H — ^^ -Fa d(jN 



D-2 N D-2 
4(J5-l)a^-2 / 



NV 
F'V 



D-2 \F 



V 



(Bl) 



(B2) 



(B3) 
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Note that on-shell, i.e. using Eq. (18), the term muhiplying hij in Eq. (B3) simphfics to 2hij. If we now define 
shifted momenta 



1 



1 

2 



r^ =^^^ + -ih,^ 5,,I) , 



(B4) 
(B5) 



where / = S''^ lij, we find that we can write the momentum action in diagonahzed form, 



5?) ^ / d^xN I - 



2aD-m 



-S-2 r2 



4(D-l)2a^-3F 



: Aj,a-I 



-11 -'ijkl ~M 
TT -^ TT 



i ii^^i-' - n 



(B6) 



The extra terms containing /^ and {lijP-' — I^) now give quadratic contributions of n^ and |i9(i A^^jp, which ahows 
us to diagonalize also the terms containing these factors. 



e sector 



From the diagonahzed momentum sector of the action, see (B6), we collect all the terms containing the lapse 
function n. We collect these terms from the rest of the action (41) as well, which are only in the —nH^^^ term. We 
find that we can write 



s^:^^^id-.N{w^^^h^ 



(B7) 



where 



W = 



1 1 



-V' 



+ :r^ 



FaD-^A{D-\){D-2) 2t7a^-i 



on-shcll D — 1 T A 

> -a V 



In^ 



"'^ -h + a^-^F [d,d,h'' - d.ffh] - (r^ + ,^'^^'^ ) ^ - 2a^-^i^'9,5V 



2(^-1) 



{D-2)F 



(B8) 



+ C^(^-C/i- + 



2 {D- l)aN 



d'Ni 



(B9) 



with 



1 1 



F' 



n' 



aV fF' 



^'^ "^ ^^'''^ FaD-^A{D-l){D-2) F 2^0^-1 H {D-2)\F 



on-shcll D— 1 

> a 



Ch = 



!) + (1 + 2F"){D - \)H(t> - 2{D - 1)F'{H^ + H) 
-r^ \D-5 8{D-2)a^-^F 



4:{D-l)(D-2)a°^^F 

on-shcll ^ 

> 0. 



D-1 



H 



1 F' 



D-2 F 



20a^-i 



+ a^-iy 



(BIO) 



(Bll) 



Note that on-shell, these expressions simplify greatly. We now shift the lapse, 

^ r 

n = n -\ 1„ , 

2W ' 



(B12) 



such that we can write 



^-(2) 



d^xNlW—--—!^ 



(B13) 



Thus, wc have diagonahzed the lapse sector. 



16 



Shift sector 



For the shift Ni we do the same. We collect all the terms contaming Ni coming from Eqs. (B6) and (B13) and the 
-Ni'H'-'^^'i term in Eq. (41). We can now write 



-(2) 



d^x 



N 



[%7V,)]' - a{d,N'f + J,,a('7V^))| , 



where |9(» A^j)P = di^.N^^d'-' N^^ and {d,N')^ = d^N'djN^ . Furthermore, 



■PI 



a 



1 PI (n — ^ \ *' 

'7iP^ A{D-l)(D-2) \^ -^^20a-D-i 



D- 1 



shell 



1 



1 



{D~2)Vl 



D-l\ 2r2a2(^-i)V j D-1 



I ( [D- 2)f7(/)2 



2V 



(B14) 



(B15) 



and 



V 



where 



5ii ah — , 
'M 2{D-l)aW 



■h.,=- 



[dkdih'^' - dkd'^h] 



V F' 
{D-l)aWY 



a^ ^Okd'^ip + J^ip + J^ip + Jhh 



V 



{D-l){D-2)aD-^F 

-9— 1 r 



H 



1 F' 
D-2~f' 
aPF' 



shell 



>0 



shell 



{D-2)F ^ 
V F' 



,^{D-2W 



C. 



' F'\ ■ V^ 

J^=2{—j (j} + ^^_^^ ^ [D- 1){D - 2)a^-2 F2 " 2(D - l)aD--^F~W 



oii-shcll J- 

^F 



(1 + 2F")4> - 2F'H (^-2yg_+fV^on-sheii 



aD-W 



Jh 



a^-'2{D -l){D-2 



{D-l){D-2)aD-^F 



W y2{D-l)H 



D-2 F 



V 



Ch 



on-shcll 



A{D - l)a^-2 W 



>0, 



(B16) 

(B17) 
(B18) 
(B19) 



(B20) 



where C^ and Ch were defined in Eqs. (BIO) and (Bll). In order to diagonalize the shift sector (B14), we separate 
the longitudinal and transversal degrees of the shift vector, 



N,=d^S + N'[, with 

Then, up to boundary terms, the shift action (B14) becomes 



d'NT = 0. 



S 



(2) 
Ni 



d^'x 



N 



((1 - a) [V^S]' + [%iVj)]' + J^jd'd'S - No" (h,, - Jh^M,,) d'^'N^^^ 



(B21) 



(B22) 



Note that we have been able to separate the longitudinal and transversal degrees of the shift vector. Now we substitute 
the scalar- vector-tensor decomposition of /ly, see (45). With this decomposition, we can show that 



J^,d^d^S=^ 



J -{D- 2)Na^V^{h - Jh^^h) 



V^S" 



-Na^K,d(^N^=) = - Na^ (% A^j - A.,%/.^)) d^^N^^\ 
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where J = 5'^-' Jij and we did not write down any total derivative terms. We can now diagonalizc the action (B22) by 
introducing 






1 



2{D -l)l-a 

am 



J-{D- 2)Na^\l\h - Jh.Ji) 



9i.Nl=d,N--^{d,i^,-A^,d,h^^, 



(B23) 
(B24) 



and the action becomes 



S 



Ni 



(2) _ / ^D 



d'^xNi 






(1-a) 



V^S* 



[%^^]^)-^[%/^^-^..%/^^) 



T l2 



^4(ubFT^ ['-'■"- ''"'''''<'• - ■''"''>r 



(B25) 



Gauge invariant scalar action 

So far we have diagonahzed the perturbed momenta tt'-' and tt^ and the perturbed lapse n and shift Ni functions. 
What remains from the action are the field and metric perturbations ip and hij . For the interested reader who wants 
to check the derivation we present an intermediate result where we collect all the terms containing these fields. Since 
there are many terms containing these fields we will do this step by step. First of all we collect the leftover terms in 
the action (41) 



c(2) _ 



J-D. 



Na^-^F 



47? 



\{D-l){D-2)aD''2F 



F' 



F' 



-h^+-{D-l)(-\ V^^+ij,] ^[{D-l)^ + h^) 



F' 



--hV^h + -hd'd^h^j - -hijd'd^hji + -h'^V^h,, + —Lp{d'&h,j - V^h) 



F 
F' 



n 



A{D-l){D~2)aD-^F 217a^-i 

V^ 'SD-7 Vl 



4 



aD-^F 



4(D-l)(D-2)a^-3F D-l 2t7a^-i 

2a^-i \n 



-a^-^V 



m 

aD-^F 



,D-3 



F 



1\' D-5 



n 



A{D-l){D-2)^ 

4(D-l)(L>-2)a^-3 \F J D-1 2a^-i \n 
2d^ipdiip 



+ a"-^V^^ 



2(^2 



-.D-l 



F 



^ +a^-^K 



_D-li 



2hip 
a^-^F 



a^F 



(B26) 



Remember that we diagonahzed the momenta by shifting them. By doing this we managed to write all the momentum 
terms from the action in terms of quadratic shifted momenta, see Eq. (B6). As a consequence, we obtained additional 
terms that do not contain the momenta, but do contain h and (p and combinations. We find 
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(B27) 



Now we consider the other part of Eq. (B6) with the term lijP^ — I^ ■ For this term we will put the canonical 
momentum V on-shell in the term multiplying hij in Eq. (B3). This will dramatically simplify our calculations. We 



find 
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(B28) 



The completion of tfie square for n also gives extra terms, 
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(B29) 



As for the final contributions coming from completing the square in the shift sector, we use the following useful 
relations: 
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(B31) 
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which gives 
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Now that we have obtained ah the terms containing h and (p, we want to express the scalar part of Eqs. (B26), (B27), 
(B28), (B29) and (B32) in terms of the gauge invariant variable 
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This is a tedious procedure which we will not explicitly write down in this Appendix. However, we can provide the 
interested reader with calculations and intermediate steps. An important step in the derivation is a partial integration 
of all the terms containing only one time derivative. The final diagonalized free action we obtain is 
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where 



(B34) 

(B35) 
(B36) 



Interestingly enough wc only have to use the on-shell Friedmann and field equations (23)-(25) for the single time 
derivative terms after we have partially integrated these terms. Therefore the free action (B34) is obtained up to 
some terms multiplying the on-shell relations. Since the-off-shell corrections are only higher order in perturbations, 
we can neglect these terms. 

The action (B34) is time parametrization invariant since the function TV can be picked arbitrarily. For example, if 
iV = 1 corresponds to real time, whereas we switch to conformal time dr\ = adt if we choose N = a. In conformal 
time we can define another convenient variable, the (generalized) Mukhanov-Sasaki variable 
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which changes the scalar part of the action to 
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(B37) 



(B38) 



Another convenient variable is the comoving curvature perturbation, which has the special property that it is invariant 
under a conformal transformation. In the main text we show how the action transforms in terms of this variable. 



Appendix C: Gauge invariance of the dynamical and constraint fields in the free action 



In this Appendix we want to verify that the action (55) is gauge invariant (up to linear order in coordinate 
transformations). The metric transforms under an infinitesimal coordinate transformation x^ — >■ x^ + ^'^{x) as 
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9^1/ ^ 9^J.u — Vp^^ — Vjyf^i, ^^j = 9iiv£,'^ ■ The metric components to linear order in perturbations are 

g'i^^-2Nn- 5oP = ^,; 4' = a^/i,,, (CI) 

whereas the nonvanishing background Christoffel connections are, 
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(C2) 



If we now decompose hij as in Eqs. (45) and (47), and similarly ^^ = ^^ = ^J + 9^^ , 9i^f = 0, we find that the 
perturbed metric fields transform as 
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Moreover, from $(a;'^) -> <i>(a;'" + ^'^) we find that 
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(C4) 



By substituting the transformations (C3) and (C4) into the shifted fields (B12), (B23), (B24) and (B33) we find that 
n^ S, N^ , (f and hf^ are invariant under linear coordinate transformations. 

The free action (55) is only completely gauge invariant if the canonical momenta n^ and tt'-' are also gauge invariant. 
We shall now argue why this is so. For this we go back to the canonical form of the action for a nonminimally coupled 
scalar field, i.e. Eq. (8). Remember that we derived this action from the original action (1). In other words, if 
we vary the action (8) with respect to the canonical momenta and substitute these back into action, we obtain the 
diffeomorphism invariant action (1). Since this action is invariant under linear coordinate transformations, this means 
the canonical momenta should also transform in such a way that the free action (55) is gauge invariant. 
To see how this works, let us vary the free action (55) with respect to Tt^p and tt'-'. We find that n^ = tt,^ + L^/2 = 
and TT*^ = tt'-' + (7^ — 5ijI)/2 = 0, which are the Hamilton equations of the linearized theory and must be gauge 
invariant. Therefore tt^ and tt*-' arc gauge invariant, and the free action (55) as a whole is gauge invariant. From the 
transformations (C3) and (C4) and Eqs. (B2) and (B3) we find that 
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such that the momenta transform as 
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Appendix D: Conformal invariance of the dynamical and constraint fields in the free action 

In the main text we showed that the dynamical and constraint fields in the free action (55) should transform as 
Eqs. (66)-(69) if the free Jordan frame action is physically equivalent to the free action in the Einstein frame. In this 
Appendix we prove that this is indeed the case. For the dynamical scalar field in (55) we already proved that the 
Jordan and Einstein frame actions are physically equivalent. Our approach will be similar to Appendix C where we 
showed gauge invariance of the free action. 

We first consider the unperturbed action (8). Under a conformal transformation the metric transforms as g^u,E = 
(jj{<^Yg^i, with the identification uj^^'^ = F($). The action (8) can be transformed to the Einstein frame action 
through the following relations: 
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In this equations the quantity Q. (sec Eq. (6)) is understood to be unperturbed, i.e. Vt = i^('I'). We now decompose 
the metric as g^i, = g^i, + 5g^^, where the perturbed metric contains the lapse, shift and spatial metric perturbations. 
Similarly we substitute <^ — (f>-\-ip, thereby decomposing the conformal factor, as well as the factor 17, in a background 
and perturbed part, lo — u) + 5uj. The background fields and momenta then transform as in Eqs. (30), (31), (33)-(35), 
(39) and (40). It is easy to show that the perturbed metric fields transform as 
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where ^ = „_„ -r^y- From here we can already see that the graviton is invariant under a conformal transformation. 
Furthermore, from Eqs. (62) and (40) wc find that 



fE = \l^V. (D3) 

We now substitute these relations into the Einstein frame fields tie, Se and Nf^, which we obtain from Eqs. (B12), 
(B23) and (B24) by setting F = \. We find indeed that these fields transform under the conformal transformation 
as, fiE = wn, Se = w^S* and Nf^ = uP'Nf . Therefore wc conclude that the corresponding terms in the free Einstein 
frame action (65) are physically equivalent to the terms in the Jordan frame action (55). 

We now want to show that the shifted momentum perurbations tt^.e and tt^ are invariant under a conformal trans- 
formation. Consider the unperturbed Einstein frame momenta p$,e and p^. If we use the relation between the 
Einstein and Jordan frame momenta from Eq. (Dl) and expand up to linear order in perturbations, we find that the 
momentum perturbations are related as 
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On the other hand we can also perform the conformal transformation of the shifts in the momenta, /i^,b and hj^E 
from Eqs. (B2) and (B3). We find that under the conformal transformation 
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Therefore the shifted momentum perturbations tTj^.b = i^ip.E + h^^p^E and tt^ = tt^ + i {lf< — SijI^) transform as 
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Therefore the corresponding terms in the free Einstein action (65) are physically equivalent to those in the Jordan 
frame. In conclusion, we prove the physical equivalence of the free Jordan and Einstein frame actions for all dynamical 
and constraint fields. 
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